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The general solution for the static, spherical and asymptotically flat braneworld is derived by 
solving the bulk Einstein equation and braneworld dynamics. We show that it involves a large 
arbitrariness, which reduces the predictive powers of the theory. Ways out of the difficulty are 
discussed. 
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Einstein gravity is successful in explaining (i) the 
Newton's law of universal gravitation for moderate dis- 
tances, and (ii) the post-Newtonian evidences (light de- 
flections and planetary perihelion precessions due to 
solar gravity, etc.). The explanations are achieved 
via the Schwarzschild solution of the Einstein equation 
based on the ansatze (a) staticity, (b) spherical sym- 
metry, (c) asymptotic flatness, and (d) emptiness. On 
the other hand, there are many plausible reasons that 
tempt us to take our 3+1 dimensional curved space- 
time as a "braneworld" embedded in higher dimensions 
("bulk") [l]-[37]. There exist naive expectations that the 
braneworld theories inherit the successes of the Einstein 
gravity. It is, however, not a trivial problem because they 
are not based on the brane Einstein equation, but on the 
coupled system of the bulk Einstein equation and the 
equation of motion of the braneworld. In the previous 
paper, we obtained the general solution of the diagonal 
components of the equations at the brane [36]. In this 
paper, we derive the general solution of the full set of 
the fundamental equations all over the bulk under the 
Schwarzschild ansatz (a)-(d). We find that it involves a 
large arbitrariness, which reduces the predictive powers 
of the theory. For the braneworlds, the Schwarzschild 
ansatze require more precise specifications of the mean- 
ing. We impose the staticity (a) all over the bulk, while 
the asymptotic flatness (c) only on the braneworld, and 
not necessarily outside. As for the sphericity (b), we 
assume symmetry under all the global rotations which 
maps the braneworld onto itself. We assume the empti- 
ness (d) only outside the braneworld, and allow matter 
and energy distributions within a thin region inside the 
brane. The empty region is not necessarily infinite, but 
can be bounded due to topological structures or other 
objects. 

In order to seek for the general solution, we begin with 
examining what are the equations to be solved. For 
definiteness, we consider the 3+1 dimensional Nambu- 
Goto type brane in 4+1 curved spacetime with Ein- 
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stein type gravity. Let X 1 be the bulk coordinate, and 
gu{X K ) be the bulk metric at the point X K [38]. Let the 
brane be located at X 1 — Y I (x^) in the bulk, where x^ 
(/i = 0, 1,2,3) are parameters which serve as the brane 
coordinate. The dynamical variables of the system are 
g u (X K ), Y 1 ^), and matter fields. The Y 1 ^) should 
be taken as the collective modes of the brane formed by 
matter interactions. Note that the brane induced metric 
Qjiv = Y^Y^gij{Y K ) of the brane cannot be a dynami- 
cal variable, since it alone cannot completely specify the 
state of the braneworld [38] . Then, the action integral is 
given by 



S — S g + Sy + S n 



with 



S g = J s/=g{-2\ + K^J~V}dPX, 



S Y = -2A 



gd x, 



(1) 
(2) 

(3) 



R 



where S m is the matter action, g — det gjj, R 
Ru = R K jjk, R L ijk i s the bulk curvature tensor writ- 
ten in terms of gjj, g = detg^, and A, K, and A are 
constants. We add no artificial fine-tuning terms. The 
equations of motion derived from (1) are 



E 



I j 



Ru 



-Rgu + k(Tjj + \gu) = 0, 



0. 



(4) 
(5) 



and those for matters, where Tjj and are the energy 
momentum tensors with respect to gjj and g M „, respec- 
tively [38]. Eq. (4) is the bulk Einstein equation, and 
eq. (5) is the Nambu-Goto equation for the braneworld 
dynamics. The Einstein equation of the brane does not 
exist. 

In accordance with the ansatze of staticity and spheric- 
ity, we introduce time, redial, polar and azimuth coordi- 
nates, X° = t, X 1 = r, X 2 = 9, and X 3 — tp, respec- 
tively, and the normal geodesic coordinate X 4 = z, such 
that X^ = x^ (fi = 0, • • • , 3) and z — at the brane. 
According to staticity and sphericity we can generally 
choose the metric tenser gjj of the form 



ds 2 = gudX'dX-' 
= fdt 2 - hdr 2 - k{d0 2 



sin 2 8dtp 2 



dz 2 



(6) 



2 



where /, h and k are functions of r and z only, and we 



n— 1 and their r-derivatives. Therefore, if we have F-j^ = 



choose as k\ z=0 = r 2 using diffeomorphism. Asymptotic pjo] = Q ^ we can concludc that pM = F W = q for any 



flatness of the brane implies that 



as 



r — > oo 



at 



0. 



(7) 



The independent non- vanishing components of the Ricci 
tensor Ru are 

Rm = -fzz/2 + f z 2 /±f - f z h z /4h - f z k z /2k 

-f rr /2h + f r 2 /4:fh + f r h r /Ah 2 - f r k r /2kh, (8) 

Rn = h zz /2 - h z 2 /4h + f z h z /4f + h z k z /2k 

+ frr/2f - f r 2 /4f - f r h r /4fh 

R22 = k zz /2 + f z k z /4f + h z k z /4h 

+ k rr /2h + frk r /4:fh - h r k r /4:h 2 - 1, (10) 

R44 = f zz /2f + h zz /2h + k zz /k 

-L 2 /4/ 2 ~ h z 2 /4h 2 - k z 2 /2k 2 , (11) 

Rl4 = fzrW + Kr/k ~ f z f r /4f 

-h z f r /4:fh - h z k r /2hk - k z k r /2k 2 , (12) 

where subscripts r and z indicate partial differentiations. 

We first solve the bulk Einstein equation (4) alone 
without brane dynamics (5). For a while, we also discard 
emptiness assuming that Tjj is not necessarily vanish- 
ing. Staticity and sphericity imply that only Too, Tii, 
?22, T44 and T 14 among Tjj are independent, and func- 
tions of z and r only. We rewrite the equation (4) into 
the equivalent form 



F u = Ejj - E K K g u /3 = 0, 



(13) 



where those with (7, J) = (0,0), (1,1), (2,2), (4,4) and (1,4) 
are independent. We have five equations for three func- 
tions /, h and k. Now we show that the five equations 
are not all independent. The Bianchi identity of the cur- 
vature tensor and covariant conservation low of energy- 
momentum tensor imply 

F 14A = -F 00 ,i/2f - F n ,i/2h + F 22 . 1 /k + F 44 ,i/2 
-F n {Hk 2 f/h)} A /2h - F 14 {ln(fc 2 fh)} A /2, (14) 

F 44A - -F 00A /f + F 11A /h + 2F 22A /k - 2F 1AA /h 
-F 14 {ln(k 2 f/h)} A /h - F 44 {ln(k 2 fh)} A . (15) 

We expand every quantity in terms of z. We denote by 
At"! (r) the coefficient of the z n term in the expansion of 
any function A(r 7 z): 



A(r,z) = Y j A^ n \r)z n . 



(16) 



n=0 



Let us assume F o — Fu — F 22 = 0. Then, we have 

Ft ] = [F 44 ,i/2 - F li {ln(k 2 fh)} A /2]^/n, (17) 



14 
F [n] 



-2F 14 ,i//i- F 14 {ln(k 2 f/h)} A /h 

-F i4 {\n(k 2 fh)} A ]^/n (18) 



for n > 1. The right-hand side of eqs. (17) and (18) 
are linear combinations of F{ 4 and F^ with < j < 



n > 1. Thus, the independent equations to be solved are 

F m = F n = F 22 = 0, (19) 

(20) 



^14 - ^44 - U - 



From the viewpoints of (19) and (20) the treatment in 
Rcf. [36] is insufficient, because there we considered only 
Fqo = Fu = F 22 = F44 = on the brane. It was, 
however, reasonable that we considered only on-brane 
equations, since only they are essential to determine the 
brane physics, as will be seen soon. The equations in 
(19) imply the recursion formulae 



1 



n{n — 1) 

f r h r fr&r 



2h 2 



kh 



fz fzhz fzkz frr fr 

~2f ~ ~2h k ~h 2fh 

[n-2] 

2k I 71 



T/ _2A/\ 
3 3 J 



(21) 



1 



n(n — 1) 

frr fr 

T v 2 



+ 



hi 

2h 

f r h r 

2fh 



2k Tn + — + 



f z h z 


h z k z 




2/ 


k 




2 kj*^ 


kr 


f r k r 


k 




kh 


2Xh\ ' 


[n-2] 





k [n] = 
+ 



1 



n(n — 1) 
hf> kf 



3 3 j 

f z k z _ h z k 

Tf h 



k rr fr^r 

~h ~2fh 



Tk 2Xk 

2h 2 +2 - 2K ( T22 + - + — 



-2] 



(22) 



(23) 



for n > 2. The right-hand side of eqs. (21)-(23) are 
written in terms of h^\ and fc^'l for < j < n — 1. 
This means that, if we have h^°\ fc™, /W ftW, and 
feW, we can recursively determine h\ n \ and k^ for 
any n > 2. Therefore, we can uniquely derive /, h and 
k in a bulk region around the brane if we know /, h, k, 
f z , h z and k z on the brane. They are, however, not all 
independent, but should obey eq. (20). For notational 
simplicity, we define the variables 0, ip, a, b and c with 

f[°]=e 2 *, fc[°l= e 2 ^, (24) 
fW = -2a/[°l, h^ = -2bhM, k^ = -2dfe[°I. (25) 

Remember that we have chosen as fc^ = r 2 using diffeo- 
morphism. The matrix diag(a, b, c, c) gives the extrinsic 
curvature of the brane. Eliminating f^ 2 \ and k^ 
from eq. (20) with (21)-(23) for n — 2, we obtain 

a r + 2c r + (a — b)(j> r + 2(c —b)/r~ ktu, (26) 

e~ 2 ^rr + {4>r - ^r){^r + 2 / r) - (^ - l)/r 2 ] 

+ab + 2ac + 2bc + c 2 = k(t A4 -X), (27) 

where tjj = Tjj\ z= q. The first line of (27) is equal to 
—R/2, where R is the scalar curvature of the brane. Note 
that R is not equal to the bulk scalar curvature R at the 
brane. 
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Thus, we have two equations (26) and (27) for five 
functions <fr, ip, a, b and c for a given set of Tn and T44. 
Therefore, the solution includes three arbitrary functions. 
Now, we choose a, b and c arbitrarily. If a ^ b, cqs. (26) 
and (27) are solved to give the solution: 



J r 



2ip 



Adr, 

Xi 

Pdr — In ( 77 



(28) 

' Qe-J7 Pdr dr) (29) 



with an arbitrary constant 77 and the functions 

A = [ktu - a r - 2c r + 2(6 - c)/r]/(a - 6), 
P = 2[A r + (A + l/r) 2 ]/(A + 2/r), 

k(t 4 4 - A) + 1/r 2 - ab - 2ac - 2bc - c 2 



Q 



A/2 + l/r 



(30) 
(31) 

(32) 



On the other hand, if a = b, the functions c and <f> are 
arbitrary, and the solution is given by 



Qe 



- J°° Pdr 



a = b = -B - 2c, 

Pdr - In 

with an arbitrary constant r) and the functions 



J r 



dr 



B 



(KTu/r — 3c/r 2 )dr, 



(33) 
(34) 

(35) 
(36) 



P = 2[cf> rr + (cf> r + l/r) 2 ]/(</v + 2/r), 
Q = 2[h{t aa - A) + 1/r 2 + 3c 2 - B 2 ]/(<f> r + 2/r). (37) 

The ranges of integration in (28), (29), (34) and (35) are 
chosen in accordance with the asymptotic flatness of the 
brane. The denominators in (31), (32), (36) and (37) are 
not identically vanishing because, if so, we have 



-2 In Cr 



(38) 



with a constant C, and the brane cannot be asymptoti- 
cally flat. Thus, the solutions for /, h and k with 0, ip, 
a, b and c by (28) and (29) or (33) and (34) expire all the 
solutions of the bulk Einstein equation (4) (alone) under 
the ansatze (a)staticity, (b)sphericity and (c)asymptotic 
flatness. They are not the final solutions because the 
Tu's still depend on/, ft and k through the matter equa- 
tions. To get final ones, we should solve the coupled sys- 
tem of the equations. If we add, however, the ansatz (d) 
of emptiness i. e. T/j = 0, the present solutions become 
final ones. Thus we have obtained the general solution of 
the bulk Einstein equation (alone) in the region including 
the brane under the premised ansatze (a)-(d). 

So far we considered the solutions starting with choos- 
ing a, b and c as the three arbitrary functions. We can 
choose other sets of the arbitrary functions. If we choose 
/, h and a + 2c as arbitrary, the equations (26) and (27) 
become, respectively, a linear and a quadratic algebraic 
equations for a and b, and they are solved easily. Then, 



we can obtain another expression for the general solution 
of the bulk Einstein equation (alone). 

Now we turn to the solution for the "braneworld" . It 
is a thin physical object accompanied by matter distri- 
bution in the region \z\ < 5, where 5 is the infinitesi- 
mal thickness of the brane. The bulk region outside the 
brane is separated into two regions with ±z > 8. The 
Einstein equation inside the brane and the infinitesimal 
nature of the thickness 6 lead to the Israel junction con- 
dition [39]. The extrinsic curvature diag(a, b, c, c) should 
have a gap across the brane. We denote in = a\ z= ±$ 
for a = a, b, c, and a = (a + +a~)/2 and Aa = a + — aT . 
The matters obey the equations of motion derived from 
the action Sy + S m , where the collective mode Y 1 is 
assumed to be separated and to obey the Nambu-Goto 
equation (5). Here we assume dominance of the collec- 
tive mode in the energy-momentum tensor. Then, the 
Nambu-Goto equation and the the Israel junction condi- 
tion imply 



a + b + 2c 
Aa = Ab = 



= 0, 
Ac: 



A, 



(39) 
(40) 



where A is a constant. Since T 1J = in D ± , eqs. (26) 
and (27) imply 

d r + 2c r + (d-b)(f> r + 2(c-b)/r = 0, (41) 
-R/2 + ab + 2dc + 2bc + c 2 + 3A 2 /2 + k\ = 0. (42) 

Now, we have three equations (39), (41) and (42) for 
five functions <f>, -0, a, b and c. Therefore, the solution 
includes two arbitrary functions. If we choose a and b 
arbitrarily, we have the same solution as (28)-(37) with 
a, 6, c, T14 and T44 replaced by a, b, — (a + b)/2, and 
— 3A 2 /2k, respectively. Then, the general solution of the 
braneworld with the ansatze (a)-(d) is given by the re- 
cursion formulae (21)-(23) with Tu = 0. If we choose <fi 
and ip as another choice of the two arbitrary functions, 
(41) becomes a linear differential equation for a + 2c with 
the algebraic constraints from (39) and (42). They give 
a non-linear differential equation. It is expected to have 
solutions under a certain wide class of the conditions for 
existence. Then, we have another form of the general 
solution of the braneworld with the ansatze (a)-(d). 

Therefore the general solution involve large arbi- 
trariness which reduces the predictability of the theo- 
ries. It includes the cases where it coincides with the 
Schwarzschild solution on the brane. It also includes, 
however, continuously deformed solutions which do not 
satisfy the brane Einstein equation. It involves arbitrar- 
ily deformed Newtonian potentials, and arbitrary amount 
of light deflections and planetary perihelion precessions 
due to solar gravity. We need further physical prescrip- 
tions to make these predictions. In some models, people 
require Z2 symmetry with respect to the brane. In this 
case, we have 



a ± = b ± =c ± = ±A/2, 
-.R + 3A 2 + 2kA = 0. 



(43) 
(44) 
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Accordingly a = b = c = 0, and the arbitrariness is 
much reduced. Eq. (44), however, still leaves an arbi- 
trary function among 4> and ip. It is the general solution 
found by Visser and Wiltshire [25]. Thus, we need fur- 
ther conditions. For, example, conditions for the bulk 
behavior may improve the situation. It is an urgent open 
problem to be investigated in the future. Another in- 
teresting way out is the idea of the brane induced grav- 
ity [4], [12], [20], [21], [23], [30], [31]. In this case, the 
Einstein-Hilbert action of the brane is induced through 
the quantum effects of the matters on the brane, and the 
Einstein gravity emerges effectively [40] . The composite 
metric serves as the effective dynamical variable, unlike 
in the classical braneworld given by (1). Such roles of 
the quantum-induced composite field have been well un- 
derstood in some models [41]. It provides a promising 
mechanism for induced field theories. 
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